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ABSTRACT: The dynamics and viscoelastic response of a polymer chain bound by reversible cross-links
to a (phantom) network are considered in a mean-field picture. A reversible cross-link is presumed to act
like a classical cross-link in binding a segment of polymer to a fixed point in space. However, unlike the
permanent cross-link which always remains intact, the reversible cross-link may spontaneously break away
and then reattach to allow the bound segment and hence the polymer to move. The motion of such a bound
segment is taken to be entropically controlled, i.e., the probability distribution for the position of the rebound
segment is that appropriate to (local) equilibrium. It is shown how chains with such dynamical cross-links
exhibit (self-)diffusion and a spectrum of relaxation processes. The dependence of D, the diffusion constant,
on the number of reversible cross-links, N, and their distribution along the chain is given and the relaxation
spectra of the dumbbell (N = 2) and the trumbbell (N = 3) explicitly calculated. The relaxation spectrum
of the general linear chain is approximated and the dynamics of a chain with regularly spaced cross-links

shown to be essentially Rouse-like.

I. Introduction

The idea of transient networks in which cross-link sites
undergo continuous rupture and reformation thereby re-
laxing stress in strained systems has long been known.!?
The simplest theory of Lodge? predicts just one relaxation
mode for each section of chain between such cross-links.
A spectrum of relaxation modes derives from a spectrum
of lifetimes for the reversible cross-links.

. With the advent of ionomer gels® and controlled syn-
thesis of chains with well-characterized reversible cross-link
sites along the backbone has come the ability to probe
directly the dynamics and viscoelasticity of chains with
such reversible cross-links. In what follows we consider
the dynamics of one such chain binding and disassociating
either to a permanent gelled network*® or to other such
chains in a melt.?

In studying the dynamics of reversibly cross-linked
chains we specifically separate out the dynamics due to
cross-link reorganization (breakage and reformation) and
local Brownian motion between cross-link sites and focus
on the former. This separation is realized in practice when
1/u, the characteristic time for reorganization of a cross-
link far exceeds the maximum equilibration time of a
section of polymer between cross-links, the situation
pertaining in ionomer gels.

We may make several general statements about the
dynamics conferred by the reversible cross-links on the
chain. First, since no permanent constraints (cross-links)
act on the chain, the chain is not localized and is therefore
free to move throughout the network. Such motion given
the random nature of the breakage and subsequent re-
formation of the cross-links will clearly be diffusive.
Second, the continual reorganization of the cross-links
allows relaxation of internal chain configurations to some
equilibrium form. This relaxation will exhibit a spectrum
of exponential decay processes, as do other models for
polymer internal relaxation,®® which show up as a vis-
coelastic response to mechanical deformation of the chain.

The dynamics of the reversibly cross-linked chain should
therefore show both diffusive and relaxation response.
What follows seeks to illustrate both these effects.

II. The Basic Model

We consider the polymer chain to consist of an arc of
length L with reversible cross-link sites along its arc sep-
arated by lengths s;, s, ..., sy-; (Figure 1). Such cross-link
sites bind the polymer to the host network and are pre-
sumed to be fixed along the arc; i.e., they do not migrate
down to chain. The dynamical reversible character of the
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cross-links is modeled by associating a breakage rate u with
each cross-link. The probability of a particular cross-link
remaining intact over a time f is therefore e™. Once
broken, the reversible cross-link is presumed to rebind to
the host network, the position at which it rebinds assuming
local equilibrium.

In following the dynamics of such a chain we focus on
the configuration probability distribution function P(R,,
..., Ry) or P(Rg, py, -.., py-1). The coordinates p; = Ry, -
R, here characterize internal motions of the chain, while

N
Sop=1 (IL1)

N
Rc = 2 oR,
i=1 i=1

characterizes the translational bulk chain motion and will
be termed the chain center coordinate. For o; = 1/N ¥
i, this center R is the center of mass; for o; = (1/s;; +
1/s)/23Ns;, Re is, as shown later, an effective center of
friction. Clearly at equilibrium P takes the form

P(Rg, py, <y N-1) = Goloy, 81) - Golon-y, sn-)/ V' (IL2)

where

3 -3
Golpy, 51) = [m] eXp[ %pi-pi] (I1.3)

and where we take the chain center to be randomly pos-
itioned throughout the (macroscopic) network of volume
V. [ here is the Kuhn length, the effective persistence
length.

For an ensemble of chains initially not at equilibrium,
P will naturally change with time, as cross-link sites break
away and reattach to the host network, evolving toward
P,. This evolution is controlled by the dynamics of the
cross-link reorganization—breakage and reattachment. We
take the breakage to be random, each cross-link survives
without breakage over time ¢t with probability e™. The
reformation process is taken to allow the new cross-link
to be in local thermodynamic equilibrium (Figure 2). If
the kth cross-link is reformed at R,” when its neighboring
cross-links are at R,_; and R;,,, then

P(R,) = N 'Go(Ry = Ry, si1) Go(Rpsr — Ry, s1)
(IL.4)

where N, the normalization coefficient is given by
dek/ Go(Ry — Ryy, sp-1) Go(Rpss — Ry, s8p) =
Go(Rys1 — Ry, Sy + 5p) (IL5)

The effect of a cross-link reorganization on say the kth
cross-link is therefore to change an original distribution
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Figure 1. Reversible cross-link chain. A chain of length L = }s;
with N reversible cross-link sites (@), the ith cross-link, at position
R;, located an arc length s;; and displacement p;; = R; - R, from
the (i-1)th.

Figure 2. Reorganization of a cross-link. The cross-link originally
located at R; is reattached at R/ so as to assume local equilibrium.
Density of contours represents probability of reformation, eq I1.4,
the most probable point R/* at R/* = R;_; + s;.1(R;4; — Ry /(5.4
+ S,‘).

function P(R, ..., R, ..., Ry_{) to PRy, ..., R}/, ..., Rn_1)
given by
P’(er ey Rk’s ) RN*I) =
Go(Ry' — Ry, 5-1) Go(Rysy — Ry, 53)
Go(Rpsy — Ry, sy + 53
[ dR, PRy, .., Ry, .., Ryy) (IL6)

Appendix A shows how under such reorganizations P =
P’when P = P, that is P, is the equilibrium distribution.

A generalization of this to an ordered sequence of
cross-link reorganizations (e.g., the kth cross-link followed
by the jth followed by ...) is obvious, P’ of the previous
reorganization playing the role of P above for the next
reorganization. Using this generalization to the dynamical
evolution of P, P(t) may now be followed by averaging P
over all possible ordered sequences of cross-link reorgan-
izations in time t. The probability of a particular ordered
sequence of n reorganizations (a Poisson process) is clearly

l;(nﬂ"e’”“‘ (IL7)
n.
so that
@ 1 NP
P(t) = e 3 —(ut)* 2 P," (IL8)
n=01: m=0

where P,™ is the probability distribution for n reorgani-
zations in a particular sequence m. P’of eq I11.6 would be
P.*, there being N possible sequences of single reorgani-
zations, each corresponding to a particular cross-link site.

Equation I1.8 now contains all the information necessary
to probe any dynamical property of the chain, e.g., the
dynamical structure factor, the center of mass motion, or
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the viscoelastic response. If we know the value of the
property, A[R], for a particular configuration [R] of the
chain then we simply have

(A, = [dIR] P(R], &) A(R) =
® N?
NS L) X A4y, (IL9)
n=0n. m=0

where (A),™ denotes the average of A over the configu-
ration probability distribution function P,™.

In what follows we look at two particular dynamical
properties, center of chain motion and response to step
strain of the host network. For the former we consider

N N
A= 20‘1-R1'°ZQ'L'R,' = Rcz (IIIO)
i=1 i=1

the square of the chain center coordinate, and for the latter

3kTNP1
A= —— 2 —piabis = Oog
i=1 §;

i (IL.11)

which is well-known form for the stress tensor of a
Gaussian polymer chain. « and 8 here denote Cartesian
components of the second-rank stress tensor.

For the former case we consider an initial ensemble of
chains equilibrated in cross-link site separations ({p;}) but
not in the chain center coordinate. In particular we take
the center of each chain to be initially fixed at the origin

Py = Goloys 51) - Golonoy, snot) d(Re)  (IL12)

If the chain is to exhibit diffusion and relaxation processes,
{Rc%) must evolve as

(Rc%) = 6Dt + 2a;(1 — e™t) (11.13)

where g; are positive semidefinite coefficients, dependent
on {e;}, and where the summation runs over the internal
relaxation processes. Further there must exist a choice of
{oy} for which a; = 0 ¥ i and the internal relaxation pro-
cesses decouple from the translational diffusive term. The
coordinate thus defined is called the center of friction.

For the latter case consider an initial ensemble of chains
equilibrated and then stretched by a step strain A,z im-
posed on the host network

Pi—g = Go(Mag"p1ps 51) - GoNag on-18, SN0/ V
Again with diffusive/relaxation response we expect

(0ag)e = (Tag)tew = ((Tag)imo = (0ap)re) LBI(1 — €)
(I1.15)

(I1.14)

where in the principal axes of strain
(aaﬂ>t - (Uaﬂ)t*w = (N - I)kq16c(,8(Ac(2 - 1) (11'16)

and }°b; = 1.

In the next section we show how for the simplest re-
versible cross-link chain, the “dumbbell”, the suppositions
of (I1.13) and (I1.15) are indeed correct.

III. The Reversible Cross-Link Dumbbell

The dumbbell consists of a chian of length L = s, with
a reversible cross-link site at each end. P, the equilibrium
distribution for such a chain is clearly

Py = Gylpy, s))/V (ITL.1)

With two reversible cross-links (“1” and “2”) there are also
clearly 2" possible orderings for n cross-link reorganiza-
tions. The probability of such an ordering occurring in
time t is (ut)"e"%t/n!l. For any n, however, there are only
2n different probability distributions P,™, since sequences
of successive one-cross-link reorganizations have the same
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effect as a single such cross-link reorganization, e.g., for
n = 4, P;(1222) = Py(12). Further each of these 2n dis-
tributions corresponds to a sequence of j alternating (first
1, then 2, then 1, ...) cross-link reorganizations where n =
J = 1 and either 1 or 2 may be reorganized first. We may
therefore replace the summation over P,™ of (IL.7) by a
summation over P *! (P,*?) where P,*! (P,*?) is the dis-
tribution after n alternating reorganizations, 1 (2) being
the first reorganized cross-link, to give
2 o (n~-1)

P(t) = e 3 (1)1 - e I (-ut)"|P,* + ¢ Py*
m=0

y=1n=1
(111.2)

where Py* is the initial distribution. In terms of some
property A

(A), =
T T (DL - M ()] (A) 57 + B A)
i (1IL3)
For the step-strain relaxation
Py = Go(\og P15 51/ V (I11.4)
and
P.*¥ = Gylpray S/ VV r,n (I11.5)
Evaluating
(0480 = SkTT sllplapw = (A)
therefore gives
(A)o* = kTo,e\,° (111.6)
and
(A) ¥t = (A)*2 = kTo,4 (I1L7)
so that
(0,8) = kTe 245,5(\2 + (et - 1)) (I11.8)
or
(Oag) = (Opg)ime = KT 25,6002~ 1)  (IIL.9)
which is of the form of (I.15).
For center of chain motion
Py* = 5(Rc)Gylpy, $1) (II1.10)

P,*1 = Golpy, 81) Go(Rg + (2~ 1/2 = (-1)"/2)py,
51(n -1+ a?) (IIL.11)

P.*2 = Golpy, s1) Go(Re + (@ = 1/2 + (=1)"/2)p,
si(n-1+(1-a?) (IL12)

and for A = R.? we have

(A)* =0 (IIL.13)
(A =(n-1+a?+ (@-1/2 - (-1)"/2)s,
(I11.14a)
and
(A =(n-1+ 1 -a)+ (a-1/2+ (-1)"/2)¥s;
(I111.14b)
so that
(Rc?) = 6(s1lu/6)t + 2(a = 1/2)%(1 — &™) (I11.15)

which is of the form (11.13), with D = s,lu/6 and a; = 2(«
-1/2)%

The reversible cross-link dynamics of the dumbbell thus
exhibits diffusive/relaxation response, diffusing with D =
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s1lu/6 and relaxing with a single relaxation mode of rate
2u. The relaxation term disappears for a = !/,; the center
of friction coincides with the center of mass. It is not
difficult to show further that if the cross-links break at
different rates u, and w,, (II1.15) and (II1.9) then become

(Tag) = (Oug)toew = RTeWatidt5 (X 2 - 1) (I11.16)

and

(Mo - l-t1)2

2(1 - e‘(#o"’#l)t)
(ITL.17)

where 1/p.s = 1/ug + 1/u,. The relaxation mode now has
rate uy + u; and the diffusion constant 6s;/2u.4 Note how
if gy — 0 and u; = u, the relaxation rate = y and the
diffusion constant — 0. Such a limit is appropriate to a
dumbbell with a fixed cross-link at one end and a reversible
one at the other.

Having illustrated the general method for elucidating
the dynamics of a reversible cross-link chain with the
dumbbell, we now move up one stage in complexity to the
trumbbell (three reversible cross-link chain) before con-
sidering the general reversible cross-link chain in section

1
(R®) = Z(12s1lug)t + s
¢ 6 1 eft 1(Iio + ﬂ1)

IV. The Reversible Cross-Link Trumbbell®

The trumbbell® consists of a chain with three reversible
cross-links, two at the ends and one between located an
arc length s, from one end and s, from the other. With
three reversible cross-links the probability of a particular
ordered sequence of reorganizations in time ¢ is
(ut)"e™3t /nl.

To determine the internal relaxation processes and the
diffusive contribution to the dynamics of the chain we
follow the program already outlined. However, in deter-
mining the center of friction and the diffusion constant
we may make use of a variational procedure which only
requires knowledge of one and two cross-link reorganiza-
tion processes.

Accepting the form of (I1.13) and expanding to O(t?), we
have

<RC2>t = (6D + Zail-‘i)t - Zaiui2t2/2 + O(t3),
My G =0 Y i (IV.l)

For {a} corresponding to the center of friction a; = 0 V¥ i,
providing an upper bound (of zero) on the O(t?) term and
a lower bound (of 6D) on the O(t) term. This variational
character is sufficient to determine the {«} for the center
of friction and hence D. Since the lowest order contribu-
tion from an n cross-link reorganization is n (eq I1.6) this
procedure simply requires evaluation of the three one-
cross-link and nine double-cross-link reorganization terms.

Evaluating (R¢2?),™ forthen =1, m = 1, 3 and the n
= 2, m = 1, 9 reorganizations given

(Re?) = pte™2q,%; + 20525y + 200928081 /(51 + sp)} +
(%3

e'a“t{10a12sl + 10&3232 + (10&22 + 40(2013 +
doan)sys, /(51 + s + 0D (IV.2)
On maximizing the O(t?) term of (IV.2) subject to >

= 1, we find
l(i . 1)
2\8i1 s

o = T— (IV.3)
z_

i=08;
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log G(1)/G(0)

Figure 3. Normalized relaxation modulus, G(t)/G(0), for the
trumbbell. Relaxation is fastest for the interior cross-link midway
between the ends, 5 = 1/2!/2, eq VL2b, and slowest, G(t) = kT(e™
+ e72¢), when located at either end, 5 = 1. Relaxation for in-
termediate values of § lie within these bounds.

where 1/s, and 1/s;3 are both 0 and are introduced purely
for ease of representing o;. For «; defined by (IV.3) we
have

ult
(Rc*) = 6—— av.4)

62—

i=18;

which gives D, the diffusion constant, as
D = ps,8,l/6(s; + s5) (IV.5)

For the relaxation modes we have
(Uaﬁ>n‘m, = kT(SZ/(Sl + S2))m1(31/(31 + S2))m2(0)m36aﬂ>\a2

+ RT(1 = (sy/(s1 + s5))™(s, /(51 + 82))™2(0)™)d,5 (IV.6)
where for any ordering {m}, m, is the number of 12 or 21
pairs, m, is the number of 23 or 32 pairs, and m; is the
number of 13 or 31 pairs. If my = O then (o.5) = kT4,
The sequence 122323212 for instance has m, = 3, m, = 4,
and m; = 0 while 122323122 has m; = 1 and therefore (q,4)

= kTb,5. Summing (s,s),™ over the cross-link ordering
probability according to (I1.9) gives

<aaﬁ>t - (Uaﬂ)t-*_w = 5aﬁ()\a2 - I)G(t)

where G(t) the relaxation modulus is given by
G(t) =

- 2 _
BT (1-9 o-(@+iut 4 (2% - 1) e2ut } (1 +9) o2t
26° 82 26*

av.m

where 8 = [1 — 255,/ (s, + $2)?]/2 and is bounded by [1/2!/2,
1]. 6 is a measure of the relative values of s; and s, a
minimum of 1/2'2 for s, = s, and a maximum of 1 for s, /s,
(or sy/s;) = . The relaxation and its dependence on &
are plotted in Figure 3.

From (IV.4) and (IV.7) it is clear that the trumbbell
exhibits relaxation response and diffusion in the manner
of the dumbbell. It may be noted, however, that three
relaxation terms appear rather than two if each term were
attributable to a mode. We return to this point in the next
section when we consider the relaxation spectrum of the
general reversible cross-link chain.
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V. The General Reversible Cross-Link Chain

For the general chain of Figure 1 we may determine D
the diffusion constant by the method of the last section,
calculating (Rc?),™ for 1 and 2 cross-link reorganizations.
We find

N
(Rcz> = ute'N“tQQa,-z(l/si_l + l/Si)_l +
i=

(#th)e_N“tZZ(N - l)ai2(1/s,~_1 + 1/8,‘)_1 +
20;041 (1 /50 + 1/8)7H (1 /5 + 1 /5,007 + O(t9)
V.1)

where {a} are defined in (II.1).
Mazximizing the O(t?) term with respect to a, Nzjz
0 subject to > X,a; = 1 gives

11,1
2 sj—l Sj

a; = _—_—N—i— (V.2)
> =
i=08;
where as in (IV.3), 1/sy = 1/sy = 0, and then finally
uL
D= (N—l)]_ (V.3)
62 —
i=1 8§

The general chain thus shows the diffusive character an-
ticipated.

The identification of relaxation processes in the general
chain is not so simple, the method as presented requiring
the evaulation of all n! diagrams (contributions from
specific ordered sequences of n cross-link reorganizations)
to all orders in n and their summation. It might be
thought that each exponential contribution in the relax-
ation would be attributable to a mode or normal coordi-
nate, with the form!°

(XiaXig)e = (XiaXig)tow = AibagN? — 1) V4)

where X;, = Z}i‘llﬁjpja. If such were the case, then a
variational procedure for trial 8;, involving the calculation
of one and two cross-link terms along the lines for the «;
of (V.1) and (V.2), would suffice to identify the X; and
hence u;, However, such modes do not exist. A full
evaluation of (X;,X;s); for the trumbbell gives

(XiaXig)e — ( XinXigh o =
2kT6,5(N2 — 1)[A @t 4 A 07t + A7) (V. 5)

where
= 1-9 2
A= 7(3161 + 55892/ (s1 + 55) -
1
gslsgﬁlﬁz/ (Sl + 82) (V.6a)
(26*~ 1) 1
2= 7(811312 + 598,%) + ﬁ(sl = 89) (81812 — $2659)
(V.6b)
1+

3 (181 + 5982)2/ (51 + s3) -

26?
1
§31826162/(81 + 32) (V.GC)
for which there exist no choices of {8} in which two of 4,,
A,, and A; vanish,

A further indication of the lack of modes comes from
the number of exponential terms. For a linear problem,
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with Cartesian component degeneracy as here, the number
of nondegenerate modes is N. With the existence of the
diffusive center of friction as one normal coordinate, this
leaves N — 1 potential different values of u;. However for
the trumbbell (N = 3) equation (IV.7), it is clear that such
is not the case since three, not two, values of y; exist.
With this lack of identification of modes arising from
the local constraints (fixed adjacent cross-links) of the
equilibrating step (I1.4) and an inability to sum all dia-
grams in the general case, one cannot find the exact general
relaxation spectrum. On the assumption that modes exist,
however, we can find a variational approximation for the
relaxation spectrum. Appendix B details the general
calculation. For a regular linear chain (s; = s V j)
(N-1)
G(t) = s e-2usin2{j1r/2(N—I)]‘ (V.7)
j=1
with u; = 1/,[4 sin? (jx/2(N - 1))}, the eigenvalues of a
matrix 1dent1cal to the Rouse® matrix except in that corner
elements are 3 rather than 2.
For N = 3 this gives

G(t) = e™#t + g™t (V.8)

Figure 3 compares this prediction (corresponding to é =
1in (IV.7)) with the true nonmodal relaxaton, § = 1/2%/2,
of (IV.7). The relaxations are of similar form, the modal
relaxation providing an upper bound on the true relaxa-
tion. An upper bound will be found for general N, a
consequence of the fact that the true relaxation with local
constraints allows for u; > 2 whereas the mode picture does
not. For increasing N a mode picture becomes increasingly
valid, the global relaxations (Appendix B) for which u; «
u dominating the relaxation.

The modal approximation of (V.7) may be compared
with a true modal polymer chain, the Rouse chain. The
Rouse® chain with N beads of drag { separated by Gaussian
sections of chain of length s exhibits modal response with

N..
G(t) = ( Z )e—2[12kT/ls§]sm2L/r/2N]t (V.9)
Jj=1

The two models exhibit the same form of relaxation dy-
namics, with 4 = 12kT/Is¢, to within O(1/N) corrections.
Comparison of the diffusion mode for the regular linear
chain

= lsu/6(N - 1) (v.10)
and the Rouse chain

Dy = kT/N¢ (V.11)
again exhibits the same scaling structure, D « 1/N with

O(1/N) corrections. These corrections essentially arise
from end effects clear from (IV.3) where o; = 1/N for 2
<1 =< N -1 (the interior cross-links) but 1/2N fori = 1
and N (the end cross-links). Such end effects in computer
realizations of the Rouse chain (lattice Rouse dynamics!!)
are well-known, the representation adopted there of chain
dynamics which involves random selection of bonds and
their local reorientation strongly resembling the model
(section II) used here.

The introduction of irregularity, s; = s ¥ j, will in
general slow down relaxation as it does for diffusion, eq
V.3, the smaller segments acting as pinning points.
Equations B.2 and B.8 provide the modal prediction. The
Rouse chain, with irregularity, gives G(¢) of the form (B.8)
w1th wr = (BRT/I{s)O; and \; eigenvalues of the matrix

,k = (204;(8)/8; = Opjr1(8)/5;s 6k, 1(8)/8;-1) where (s)
=S s,/(N-1). Since ); < 4 Y i, the effect of pinning
points does not appear for the Rouse chain. A full
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log G(1)/G(0)

Figure 4. Relaxation modulus (normalized to 1 at ¢ = 0) for
regular (cross-links evenly distributed) chains, the dumbbell, and
the trumbbell and the modal prediction for N — « (Rouse, u =
12kT/(1s¢)) chain. As N increases relaxation slows and the
behavior becomes Rouse-like, at least for ¢ > 1/u.

treatment of the general reversible cross-link chain will
clearly elicit some interesting effects arising from such
pinning features.

VI. Discussion and Conclusion

The reversible cross-link chain model presented here
purports to represent the dynamics of a polymer chain
continually attaching and breaking away from a host
network, whether the host network be a melt of such
polymers or a permanent gelled network. An important
point to note about the model is the absence of topological
or tubelike effects. It is not surprising therefore that the
dynamics of the chain resembles closely (section V) that
of the Rouse bead-spring chain rather than the reptation
chain which is the basis for alternative treatments of
polymer dynamics in gels.>!%1% In reality the degree of
freedom for reattachment in an ionomer gel is likely to be
restricted by tube effects and local clustering, neither of
which are dealt with here.

Calculations with the model indicate that the chain
exhibits diffusive/relaxation behavior. The chain diffuses
with a diffusion constant D given by

wl
TN

63 1/s;
i=1

(VI1.1)

a result which for a chain with a uniform line density of
reversible cross-links has the same scaling with molecular
weight (polymer length), D =« 1/M as a Rouse chain.

The chain relaxes under step strain. The relaxation
moduli, G(¢t), for chains of length L with two and three
reversible cross-links separated by L and L /2, respectively,
are

G(t) = kTe 2 (V1.2a)
G(t) = RTe#[(1 - 1/21/2)et/2" + (1 + 1/21/2)emt/27]

(VL.2b)
G(t)/G(0) is plotted in Figure 4.
A modal prediction for the relaxation gives
V-1
G = X e—2usin2Uw/2(N—1)]t (VL3)
j=1
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a relaxation Rouse-like in form with p = 12kT/Is{. The
modal prediction will be exact in the limit of N — ,
suggesting that the regular reversible cross-link chain ex-
hibits Rouse dynamics with an effective drag at each re-
versible cross-link site of 12kT/Is¢. The modal prediction
for N — « is plotted in Figure 4.

This Rouse chain interpretation has perhaps an appli-
cation for transient network theories in which cross-link
sites undergo continuous rupture and reformation thereby
relaxing stress in strained systems.

In the simplest of such theories, due to Lodge,? each
segment between cross-links relaxes independently with
a single relaxation rate—a network of reversible cross-link
dumbbells. As the trumbbell case shows, however, cor-
relations exist between the relaxation of adjacent segments
of a polymer chain inducing slower relaxation (Figure 4).
Taking into account such adjacent segment correlations
would predict a relaxation modulus of the form (VI.2b)
rather than (VI.2a). In a true network, correlations would
exist along the entire backbone, N — « segments, of the
network. Such correlations are accounted for in the re-
versible cross-link chain in the same limit, suggesting that
a true transient network is essentially a macroscopic Rouse
chain.

Flory! and subsequently Fricker!® have attempted to
include the network correlations in a transient network,
both predicting G(¢) « t™! for a large range of time. The
above model would predict power law behavior, but rather
G(t) « t71/2, the well-known result for the Rouse chain.

Chains with cross-links irregularly distributed along the
backbone exhibit effects qualitatively different from those
for a Rouse chain with unevenly distributed drag. Equa-
tion VI.1 and Figure 3 illustrate the general feature of
uneven distributions—namely, to slow both diffusion and
relaxation. For a chain of given length and number of
cross-links, D is a maximum for a regular distribution, s,
= L/(N-1) V i, and for the trumbbell G(t) is a minimum
(the relaxation a maximum) for § = 1/2Y2 s, = s,
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Appendix A: Maintenance of Equilibrium under
Cross-Link Reorganization

We consider here how P(R,, ..., Ry) or PR, p1, ..., 1),
the configuration probability distribution function, evolves
from Py = Gypy, 81) ... Golon-1, Sn-1)/ V under reorganization
(breakage and reformation) of cross-links which attain local
equilibrium, (I1.4). In particular consider the reorgani-
zation of the kth cross-link from R, to R,".

Following (I1.6) we have P(Ry, ..., Ry) = PRy, ..., R}/,
..., Ry), where
P,(Rl’ vesy Rk/a seey RN) = P(RCv P1s ooy pk—l,’ pk/’ veey pN—l) =
Go(=8p-1/(Sp-1 + sp)o’ + i/ (81 + Sp)pp-1's
Sk-15k/ (Sp-1 + Sk))fdl'k Golp1, 1) Golog, s2) ... Golpp-y’ +
ry, Sp-1) Goloy” — T, 80) o Goloyo, sy-1)/V (A1)

where ’ denotes replacement of R, by R, and r, = R, -
R,’. Performing the integration over r, and noting that

Go(=sp-1/ (Sp-1 + sp)pp” + 5/ (81 + R0kt
Sp-15k/ (Sp-1 + 82)) Golor—t’ + 01/, Sp-y + 83) =
Go(pr-1's Sp-1) Golow, sx) (A.2)
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give P’ = P,. Reorganization thus preserves the configu-
ration equilibrium distribution function.

Appendix B: Variational (Mode) Calculation for
the Relaxation Spectrum of the General Linear
Chain :

The discretized jump processes for the dynamics of the
general linear chain allow for relaxation which is nonlocal
in character (section V). Such nonmodal character arises
from the local constraints (fixed adjacent cross-links) im-
posed at each jump.

On the assumption that relaxation modes do indeed
exist, they may be determined variationally, in the manner
of the diffusive mode of sections IV and V, and the re-
laxation spectrum/modulus determined. “Modes”, of re-
laxation e*¢, identified by such means will fall into two
categories. Global relaxations for which N; = u/u; > 1,
involving typically N; jumps, will be truly modal relaxa-
tions in which local constraints are unimportant. Local
relaxations, for which u/u; = 1, will be modal approximants
for the nonmodal local relaxation processes.

In general the modal decomposition of the relaxation will
serve as an approximation, exact for N — = where global
modes dominate and at its worst for N = 3 (N = 2 is trivial
and exact) for local relaxation. The main text returns to
the assessment of the approximation; the modes are de-
termined in what follows.

Consider a trial function X, = %V (a;/s,'/?)p;,. Ex-
panding to O(t?) by summing over 0 and 1 cross-link re-
organizations gives

(N-1)
(XaXﬁ>t = )\aze'N“téaﬁ Z ai2 +
i=1

o5, | N T Ao + (02— 15— | %
n e H « o . = — —
Bl a e i=1(s;iy + 8| s,1/2

[228]

2
. /Zl ] + 0(%) (B.1a)

Si-1

with (defined for convenience) s, = sy — « and a = ay
=0

= §,plA 2T Lo + (1 - A\ YaT-Ma + O(t?)] (B.1b)

where aT = (ay, ..., an-1), I = §;; is the identity matrix, and
M is given by

8i-1 Si+1 s;1/2s; 41/
M;=u : By = m———iyj —
(i1 +8) (s + si00) (si-1 +89)
5;1%8;4,1/2
(s + sin0)
For a mode (eq V.4) X;, = TN aji/si"Hpjq
(XiaXiB)t = aikaaﬂ[l + (xa2 - l)e—“it] =
SipbaglAa® + (1= A (uit) + 0(tH)] (B.3)
For general a we have, by expansion in modes

(N-1)
(XoXp) = Oap 2 e\l + (1 - 2D wt) + OtY) (B4

bie1; (B.2)

where the weight of each mode is ¢;, Comparing (B.1) and
(B.4) by takin ratios of O(t) and constant terms, we have

(N-1)

2 aq

i=1 P _ aT-M-«a B.5)
W-1) " aT-Ia '
z af
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from which it is clear that the relaxation rates are varia-
tional maxima of the right-hand side, that is, eigenvalues
of the matrix M. Modes are the eignevectors of M.

The weights, a;, of each mode in general require
knowledge of the eigenvectors of M. For the relaxation
modulus defined by

N=1)(p;apig)
z .ﬂ =[(N-1)+ 02 - 1DG®)]s,s (B
with
(N-1)
G@t) = 2 we™t (B.7)
i=1
then since
{Piabig)

. - baslNe® + (1 = NDutM;; + O(t?)]
i
and S8VM; = NPy, we have w; = 1.
Finally we therefore have that a mode approximation
to the relaxation gives

(N-1)
Git) = 3 et (B.8)
i=1

where u; are eigenvalues of M defined by (B.2).
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ABSTRACT: A simple model is introduced to describe observed coexistence of gelation and phase demixing
in atactic polystyrene solutions. Our theory demonstrates that the multiple-equilibria conditions for molecular
clustering caused by physical cross-linking can describe the characteristic features of the temperature~con-
centration phase diagram. Detailed calculations are made for the concentration dependence of the gelation
curve, the spinodal curve, the mean cluster size, and the osmotic pressure under the assumption that intracluster
association is negligible. Effect of molecular weight and functionality is examined. Our results show reasonable
agreement with experimental data obtained for atactic polystyrene in carbon disulfide. The condition for
the gelation line to pass over the critical demixing point is clarified.

1. Introduction

Since the discovery! that certain chemically inactive
atactic polystyrene (at-PS) solutions can exhibit gelation,
there has been a growing interest?® in the phenomena of
physical gelation. Recent experimental studies?® have
furnished strong evidence that the gelation is thermally
reversible and a fairly universal phenomenon that takes
place in a wide variety of solvents. Although the origin
of associative interchain interaction has not been clarified,
the binding energy connecting a pair of polymer segmetits
is expected to be of the order of thermal energy, so that
bonding-unbonding equilibrium is easily attained. The
current understanding of the experimental observations
is based on the co-occurrence? of sol-gel transition and
two-phase separation on the temperature-concentration
phase diagram. Effect of the molecular weight of at-PS
and of solvent species has been examined?? in detail.
Although quantitatively different, the essential charac-
teristics of the phase behavior are found to be preserved
regardless of these substitutions.

Only few attempts have been made to develop theories
that would describe such phase behavior, and they are
highly qualitative. For example, de Gennes’ presented an
overall picture about the competition between gelation and
segregation in some polymeric solutions. As the molecular
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origin of the phase behavior was not sufficiently elucidated
in this study, neither the precise position of the phase
boundary nor any solution properties were calculated.

Coniglio et al.® proposed a microscopic model on the
basis of the original classic ideas of gelation developed by
Flory®!! and Stockmayer.!? Though there were some
findings on the relationship between the gelation line and
the coexistence curve, it was impossible to relate a model
parameter p (percolation probability) with the solute
concentration without ambiguity. Hence, they did not
calculate physical quantities, such as mean cluster size or
osmotic pressure, as a function of the concentration.

Some computer simulations!® were attempted in relation
to the lattice percolation theory. Because the molecular
basis of the percolation model is not clear, difficulty re-
mains in interpreting the model parameters in terms of
the system quantities on which the real solution will de-
pend. _

Although these researches have thrown much useful light
on many aspects of the general problem, it is the purpose
of this paper to establish a microscopic foundation for the
study of associating solutions and to give a complete pic-
ture to the important case of thermoreversible gelation.

We start with the lattice theory of polydisperse solutions
originally developed by Flory4!® and Huggins!® and in-
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